8. Partial Differential Equations

Consistency: difference equation — differential equation as
dt — 0 (truncation error — 0 as dt — 0)?

Stability: computed solution of the difference equation ~
exact solution of the difference (rounding error
under control?)

Convergence: computed solution to the difference equation
— exact solution to the differential equation
asdt —07?
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Lax Equivalence Theorem

Given a properly posed linear initial value problem and a
finite difference approximation to it that satisfies the
consistency condition, stability is necessary and sufficient

condition for convergence.




A general linear 2"-order 2-variable PDE:

u +e(x )az—u
oxoy Y oy’

ou
a(x,y)ax—z+ b(x,y)
+ d(x,y)al+ e(x,y)aj+ S u=g(x,y)
ox oy

b>~4ac > 0 : hyperbolic PDE (two characteristic curves)
~ wave equation

b>~4ac = 0 : parabolic PDE (one characteristic curve)
~ heat diffusion equation

b*~4ac <0 : elliptic PDE (no characteristic curve)
~ Laplace equation

TN 1k s

§ elliptic PDE --- Laplace (Poisson) equation
o'T o'T

- 4 > =g(x,y) insome region Q

~ no characteristic curve

B.C. T(x,y)=/f(x,y) on the boundary oQ

y Q N 0Q)

* 3
\x-x(g,/' T(xsy)=T~(X(é,n),y(§,n))
y=y(&n) =T(&n) ‘




§ Finite difference solutions

o°’T 0T

y.,. 87 - g(x,y) in some region Q

B.C. T(x,y)=/f(x,y) on the boundary oQ

Step 1: mesh the interested domaina <x<bhandc<y<d

oz
]

e T N R O ) T =

=

o1 2 3 4 5 & 7 8
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Enforce equality at each grid point:

ox? g 8y2 . Vi) =8

LJ
for i:132,"',NX_1 andjzljz’...’Ny

Step 2: do numerical differentiation, e.g. central difference

+O(Ax2)

azl _ 7;+1,j - 27;,1' + 7;—1,1
ox’ y Ax’

2 T .. —-2T +T .
0 7; _ i,j+1 l,2j i,j-1 +O(Ay2)
v ), Ay
i+l/_27—;/'+7—1"—l/' 7;/+1_27:1‘+7;/*1
5 5, Ly + 5 2 o — g,' .
sz Ayz >J
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2 2
T T ; i
gﬁ+gf=g(x,y) ~ true for any point (x, y) in &
s [a
T, =21, + T, + Tjn =20, +T 0 _ ;
A2 Ay’ =8 :

enforced for i=1,2,---,N_ -1 and j=12,---,N -1

« take the solution of the difference equations as an approximation
to the solution of the PDE.

* truncation error ~ O(Ax2, Ay?)

coupled difference equations for (NV,~1)(V,~1) unknowns.

* boundary conditions: 7, ¥ for j=0,1,2,...,Ny and
T,y for i=0,1,2,...,N,
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§ consistency:

T,

i+l,j

—2T +T. . T . —2T +T
LJ ! ’J+

ij+1 <l ij-1

Ax? Ay

2 2 2 [ ~4 2/ A4
_ 8{ + 8{ o 8{ L 8{ +O(Ax4,Ay4)
ox iy oy Lo 12 ox Lo 12 oy y

2 2
- or + or as Ax,Ay—>0
o’ oy’
Y i NV i

* For small but finite Ax and Ay, the difference equation approximates
better the following PDE (called the modified equation):

8=

O°T 0T Ax*0'T Ay’ 0O'T
=2t ot it 4
ox~ Oy 12 ox 12 oy
S J

physical diffusion numeTrical diffusion

§ stability: ok because there is no time marching 8




§ Parabolic PDE --- one characteristic curve

ou o’u

P ag = f(x,t)

IC: u(x,0)=g(x)
BC: u(a,t)=p(t) and u(b,t)=q(t)

* viewed as a time marching problem

* spatial discretization
i=0,12,...,N

{u(a,t) =u,(1)=p(7)

u(bt)=uy(1)=q(1)
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* Choose central difference for the spatial derivative

ou 0u u. . —2u +u,
— | = xA,t =0 ——= za.u
(8t l S (x0) [6)62 1 Ax’

~N-10ODEs fori=1,2,...,N-1

* Choose a time marching scheme, say forward Euler method

uzn Eu(‘xi’l‘n)

fori=1,2,---,N -1
andn=12,3,---

want: u; {

n+tl _ _n n
u" =u; +At-f,

1

n

u

) "= 2ul +u)
i =0 X —u" + At ST T i
g(x) l

2

10
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e central difference + forward Euler method

oAt
u =l =20 )
Ax

w2 I
nt+l
RN
i-1 i i+1 it+2

1"
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u}'[+1 _un un _2un+un
§ consistency: ’ L= i T

sz
n 2 n
(éuj LA a—? +O(A12)
ot 2\ ot

2.\ 2/ A4\
=a a—i’ A a—i’ +0(Ax*)
Ox .12 Oox ;

2
%a—u:aa—z as At,Ax >0
ot ox

. : ou Atd’u o’u  alAx® 0'u
 modified equation: —+———=a_— + —
o 2 ot Ox 12 ox

12
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) . ou At ou O*u  aAx® o'u
« modified equation: o+ )
2 ot ox 12 ox
ou o*u
— =0 ——
ot ox’
@_ 0 0*u o 0% ou B 82 62 , 0'u
or? 8t o ol or 8x ax ox*

2 2 A4 2 4
modified equation: ou = aa u QA O o Atlw

a ot 12 axt 2 axt
ou _ a@iu _JalAr aax? | 8'u
o ox’ 2 12 [ox*

|
hyper-viscosity

* physical viscosity > 0 always
* numerical viscosity may be negative! 13
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§ diffusion --- spatial derivatives of even order

ou_, o
ot " ox"

Write u(x,t)= A(t)exp(ikx). Then

e YD, (k)" de® = (1) D,, -k e
dA .
1) -D,, k"4
dt ( ) 2n

A(t) = A(0) exp{

D, (1) K"}

u(x,t) = A(0) exp{D2n (-1)" kz"t} exp (ikx)

) decreases
Amplitude 1

(1) Dy <0 [D>0.D,<0
with time if
increases

(-1)'D,, >0 (D, <0,D, >0
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§ dispersion --- spatial derivatives of odd order

al _ 82n+lu
at 6x2n+1
Write u(x,t)= A(¢)exp(ikx). Then

ij:D(l'k)an A :(_1)"ka2n+lA

A(f) = A(0) exp{(—l)" i Dkz”“t}
u(x,1) = A(0) exp{i(kx +(-1)’ Dk““t)}
* Amplitude remains unchanged with time.

* Phase changes with time.
* In general, the phase change is different for different k.15

B R e

u(x,t)=sin(2nx +0.1¢) +0.2 sin (107x +100¢)

16
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§ time-marching = accumulation of rounding error
= stability problem

§ stability (Von Neumann method)

Consider u (x, t) as a combination of modes of different wave numbers,
u(r) = [ Ak, t)exp (i) d

where A(k,t) is the amplitude_:)of the mode of wave number k.

* If A(k,t) diverges (grows exponentially) for any £, then u(x,?) diverges.

* To have a stable scheme (non-divergent results), amplitudes of all
modes must remain bounded at all times.

* We examine the stability of each mode (k) one by one. .
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» central difference + forward Euler method for the diffusion eqn.:

n+l _ _n

aAt
u, =u +72(uin+l _2uin+uin—l)
Ax

Single-mode analysis:

u! =u(x,,t,)=A(k,t,)exp(ikx,) = Cp" exp(ikx,)

i%°n

ikx; 0 ik | QAL n ikx, ik, ik,
Cp™'e™ =Cp"e™ +——=-Cp .(e'“‘*‘ — 2™ +ek""‘)
Ax

2 2

p:1+‘2$t-(e"kﬁx —2+e") :1+th-(2cos(kAx)—2)

where x,,, —x, =x, —x,_, = Ax

200At
p=1+—3

-(cos(kAx)—-1)

doar <p<1 for arbitrary k

stability requires —1< 1—-——-<

18
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Remark:
The scheme (forward Eular in time and central difference in space)

is stable if
is stable 1 A As

2

-1<1-

At 1
or o——<—
Ax® 2

~ Courant-Friedrichs-Lewy (CFL) condition ~

19

]

How about other time-marching schemes?

o%u u,, —2u +u,_
j=f(’“f”)=°°(af] S

Single-mode analysis:
u! =u(x,,t,)=A(k,t,)exp(ikx,)= Cp" exp(ikx,)
u, =u(x,,t)=A(k,t)exp(ikx,)

dA i -
e szA( e =2+ e )
:Azjz(cos(kAx)—l)AEXA
20A
= A= Aaxt(cos(kAx) 1) (real for any k)

40LAt

< M1 <0 for arbitrary k
20
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dy 4aAt
“_a _
=N o S Mar<o
* forward Euler method
wy; I
stable if —2 <~ ¢AT o sz’ <
) 0 A Al
* leap frog method
it unconditionally
1 unstable!!
0 A AL
-1 21
dy 4aAt
o _
rialod o S M0
* Crank-Nicolson method
AAL
unconditionally

A AL stable!!

Remark: A time-marching scheme is stable if, given Ax,
AAt belongs to the corresponding stability region for all

wave numbers £’s.

22




e Dufort Frankel method

n+l

n—1 n n n
u'" —u, u', —2u +u ..
leap frog: ——*~—=q - L——"1 (unconditionally stable)
2At Ax
. u™ —u! uly = (" )+ ul
modified: ———— =q . ( 5 ) 1
2At Ax

~ implicit, two-step, unconditionally stable! ~
§ consistency:
ou _ 0u AP Ou oA 0w aAr’ @

—=a + —+
ot ot 6 of 12 oxt AP of

+0(Ar Ax* At A7)

2

—>oca—L2t as Af,Ax —>07?
Ox

yes only if lim gzO
AL A0 Ax 23
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§ grid testing:

ou ’u A O’u  aAx? o'u oA du

PVl Ry o+ +O(A A A AX?
oo ox* 6 o 12 ot A or ( /)
At Ax At Ax  At/Ax=1/2"
0.1 0.1 0.1 0.1
0.05  0.05 0.025  0.05
0.01  0.01 0.00625 0.025
0.005  0.005 0.001  0.008
ou Ou ou ou  Ou
= _ _ > — =0 —
- or “ ox* ra or? ot ox*

converges to the wrong PDE!
24




§ hyperbolic PDE --- wave equation

0 0u_ 0 —(a—caj(a+caju
o “a o “axl\ar Cax

define E=x—ct and n=x+ct

write u=u(x(&m),y(En))=U (&)

8 8t oo o 0
—_— = ——+ —
ot oeor omor % on
0_00 00m_0 0o

ox OEdox onox  0E on

o 0 o 0 o 0 d
—tec—=c|——+— |+c| =+ |=2c—
or  ox ot on ok on on

0 0 0o 0 0o 0 0
——c_—=C|——+_—|-¢| =+t |=2c
ot 0ox o¢ on o0¢ on 0, 25
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=

26

[aajU:0 = 6[6(] =0 = a—U:fn. of n only
ogon g\ on o
= 8(6(]j=0 = a—U=fn. of € only
on\ o o
U(&n)=F(&)+G(n)
u(x,y)=F(x—ct)+G(x+ct)
) G(x+ct)=constant  F(x—ct)=constant
X+ct=x, x—ct=x,
]
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. o’u  ,0u
wave equation: —=c¢ —

or’ ox?

characteristic curve compatibility condition

X —ct = constant F(x—ct)=constant

X + ¢t = constant G (x + ct) = constant

! (x,7)
u(x,t)=F(x—ct)+G(x+ct)

G(n
F(&) (") _F(5,)+G(n,)
X
ao:x_Ct Ny =x+ct

27
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§ hyperbolic PDE --- first-order wave equation

Ou  Ou
—+c—=0

ot  Ox

u(x,0)=f(x) for —oo<x<ow

exact solution: u(x,?) = f (x—cf)

{characteristic curve: dx/dt =c

compatibility condition: u(x,#) = constant

l l

» central difference in space : Oy, _ i T U

ot 2Ax
single-mode analysis: u, = A(z)e™

dA c

_C o kar -ikAx
ar 2Ax(e ") 4

28




d—A:—iisin(kAx)-A =14
dt Ax

ML =—i chAt sin(kAx)  (pure imaginary)

3,Af=0
A <N
Ax Ax

 forward Euler method

LAt
unconditionally
M Al unstable!!
29
?; =y A At=0
AT g ar< A
* leap frog method Ax Ax
Iy,
1
0 2 AL stable if chAt <1
-1

* Crank-Nicolson method
MAL

7

unconditionally

A AL stable!!

30
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; : ou, U —u.
§ consistency: i _odin " i
ot 2Ax

_ 2 A3
ou, SN 7 R = R (auj +£ aib; +0(Ax4)
ot 2Ax ox); 6 \ox )

— —c(au) as Ax,At —>0
ox ),
numerical dispersion
* modified equation :

ou (&tj AP (Du
N e ek i
ot Oox 6 |\ ox’

31
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aui ——c Ui — Ui u, = A(l)eih"
ot 2Ax
dA . c . i
E:—zésm(km)AzM — A(,)ZA(o)exp{—im(AxkAx)-cz}
) sin(kAx)
,t)=A(0 k|l x———=-ct
= u(x,1) ()exp{l {x Ax c}}
~ phase speed is k-dependent!
ou ou 4
% o IC: u(x,0)= f(x)=A4(0)™

= u(x,t)=f(x—ct)= A(O)exp{ik(x—ct)}

phase speed = ¢ = constant (independent of k)
32




sin(kAx)

—0.4

-20

0 T

20 kAx
Shorter waves move slower.

earlier time

~ N
ARV
later time
33
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§ Summary: for example, shock wave or any discontinuity

N
™

exa

ct

with positive

with numerical

numerical diffusion dispersion

* positive numerical diffusion = more dissipation (energy sink)

* negative numerical diffusion = energy source = may blow up
eventually if it cannot be balanced by the physical dissipation.

* unstable scheme => add artificial (explicit) numerical
dissipation to obtain stability but sacrifices accuracy.

34
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§ Summary --- error analysis
Suppose the exact solution of the original PDE is
u(x,t)=Cexp{i(kx—wr)} = Cexp{os +i(kc—w,1)}
u(x,,t,)=Ce"" exp{i(kx—nw At)} = C(e“"‘A’ )n exp{i(kx —no At)}
{amplitiﬁcation factor =
exact

phase change = o At
write the numerical solution as

u(x,,t,)=Cp" exp(ikx)= C(\p\eiie )n exp (ikx)

= Clp[ exp{i(kx—nb);

_ amplitification factor =|p|
numerical
phase change =6 35
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amplitification factor ="
exact

phase change = At

_ amplitification factor =|p|
numerical
phase change =6

numerical amplication factor

e diffusion/dissipation error = —
exact amplication factor

= p|/exp(e,At)

=1 < no dissipation error

e dispersion error =numerical phase change — exact phase change
=0-m At

=0 < no dispersion error 36
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§ wave equation --- characteristic-curve method

TN 1k

ou  Ou
—+c—=0
ot Ox
» forward Euler in time and backward difference in space
(upwind scheme) W ut w
+c =0
At Ax
n+1
n
i-1 i i+1 . ( cAtj , CAt
u = ==} +——u,
truncation error ~ O(At,Ax)37
Z/anrl _un Z/l” _un
) d'f- d t‘ i i +c i i—1 — 0
§ modified equation ” e
2 2
al:cal_g8%+ga%+0(AtZ’Ax2)
o ox 2 ot 2 Ox
u  ,0%u Ou _ ou cAt ou

—5=C 5 = ——=c_—+
ot ox ot ox 2
0 if Ax=cAt

In fact, truncation error = 0 exactly as Ax = ¢ At !

| . ( cAtj . cAt
u o =1-—\|u'+—u
Ax

i i i-1
n+1

=u', if Ax=cAt

i-1 i i+1

char. curve 38




§ characteristic-curve method

P o)
|
:1_ min
C(x) 1+ a*x?
2
u(x,0)=exp(—(x_bf°)]
* exact solution:
86'714: ﬁ{ 1/[} or aQ: a—Q’ =Ccu
ot Oox ot 0.

L dx
characteristic curve: 0 c(x)

compatibility condition: Q(x,7)=c(x)u(x,7)= constant
39
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* characteristic curve : Zx =c(x)
{

t= I dhx = char. curve passing (0, &)
se(x)

l—c_. +lC ax
t=(x—§)+—min. Xm0 SanT— —ta
Cmin a V Cmin

* compatibility condition: ¢ (x)u(x,t)=c(&)u(E,0)

-1

a
=

! Given (x,7)

1. find¢g

2. compute

u(x,1)=c(&)u(80)/c(x)

o (X.0)




c(x)

Lay-}

Q.2

— 100

— 50 s} S0

-
aQ
[a]

41

Z.0

1.5

1.0

— 100

— 50

exy | \

a
fa)
a
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