§ Initial-Value Problems for ODEs

d ,
GIVEN: ;i:y(t)=f(t,y), y(a)=y,
FIND: y(¢) fora<t<b

* numerical errors (round-off and truncation errors)

Consider a perturbed system:
E_ rh2)+5(), a<i<b
dt
z(a)=y,+&
* Does z(f) = y(1)?

(1) (uniqueness) a unique solution y(7) exists

(ii) (well-posed) for any £>0, 3x (&) > 0 such that
whenever |¢,| < £ and §(¢) e C*[a,b] with |5(1) <&,

a unique soltion z(7) to the problem
%:f(z,z)m(t), a<i<h

z(a)=y, +&
exists with
z(1)=y(1)|<x(e)ee, a<t<b

GIVEN: %=y’(t)=f(t,y), y(a)=y,

FIND: y(t) fora<t<b

« sufficient conditions for the problem to be well posed:
Lif |f(t,y,)= f(t,») <L|y,—»|, (Lipschitz condition);

o

2if feC’ [a,b] and satisfies < L for some L >0

GIVEN: %:y'(t)=f(t,y), y(a)=y,

FIND: y(t) fora<t<b

e Discretization: provide y, = y(tn)
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* Classification:

Explicit Schemes: y,., =F (Vg ¥1s V22 5V,
Implicit Schemes: y,,, = F (o, 1152255V, V)

one-step method:  y,, =F(y,)

o Y,y =F (V)
multi-step method: p,., =F (¥, ..o V,)

Of ¥, =F (Vs s Vs Vo)

§ Taylor methods (explicit, one-step

GIVEN: y, andy'(¢)=f(t,»)
FIND: y,,,

* Taylor method of order £:

yn+]:y(n+]) (t +dt)

— (1) (1) + 3 (1) 4

method)

LIEVN0 cr
+ﬁdt, YW (1,)+0(adr*")

e need computey(t"),y'(t"),y"(t"),---,y(") (z,)

y(t,)=y,
V()= f(t,.,)=1,
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e notice that / = f(¢,y) = f (¢, »(7))
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* Taylor method of order £:

Vor =¥(1,)+dt y’(fn)%dtz y”(tn)+~-+%df"' (1)

e truncation error per time step (from¢, to¢,,,) ~ O(dt"”)

e accumulated truncation error fromz=0to¢r=7":

T/dt-O(di"")~O(T -di")

* forward Euler method (k= 1, explicit, one-step):

yn+l ~ yu + dt : .f(tnf'yu)
accumulated truncation error ~ O(T*df)

simple but poor accuracy

e (1) = f(t,,0,) =22

forward difference

* higher order (higher k): better accuracy but too much trouble
seldom in use
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* backward Euler method (implicit, one-step):

y’(tn+l):f(tn+l’yn+l)z%

backward difference

yn+] ~ yn +dt--f(t77+17yn+])

accumulated truncation error ~ O(7"df)
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%:y'(t)=f(fay)a y(a)=y,

FIND: y(t) fora<t<b

GIVEN:

exact: y,,, =y(t, +dt)=y, + Jj‘ f(t,y(2))dt

tn L) in T el ta

forward backward trapezoidal

dt'.f(ln’yn) dt'f(t;z+l’yn+1)

a1

12




* Crank-Nilcoson method (trapezoidal, implicit, one-step):

dt, . .
yn 1 ~}11+ 2 (f(t/i’yﬂ)+f(rI1A1’y/1+]))

accumulated truncation error ~ O(T . dtz)

* leap-frog method (explicit, two-step):

| | | 5 =t —
fo ___1___37£§ i 1, —t,=1,~1,, =di
| | |
fn - yu+1 yn 1+2dl‘f(”, )

accumulated truncation error ~ O(T . drz)

P

()

yn+] B y,,,l

2dt
~ central difference
13

ie.y'(¢)=/(1,,,)=

§ Runge-Kutta methods (explicit, one-step)

§ 27 order method: accumulated truncation error ~ O( 7-dr*)
k=dt-f(t,,)

ky=dt-f(t,+pdt,y, +ak)

Y =V, T 00k + 75k,

» What values of &, £, ,, 5 are required to obtain an accuracy of order 2?

k=dt-f,
k2:dt~(fn+(/3’dt)%+(akl)%+0(dt2))
=di- (f +(/3dz) "+(adtf) /;uo(dz ))

ol

PS. O(dr’)= (ﬂdt)za f"+(,8dt)( k) 2( ak,)’ %y@m(dﬁ)
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Yos ® Ve + 1) (dtfn)wzdt(fn (Lo (i ) 2 - o(ar )]
+(71+72)dffﬂ+(ﬂn)dtz%%an)dﬁfﬂaiy”O(df)

On the other hand, the Taylor series expansion of y,, ; about 7, is:

_ 1. df, ;
Yy = Yy, dr 7+0(dr )

=y, +dif, +%dt (8f”+f J+O(dt )

Thus, to have a scheme with a truncation error/step ~ O(d?’), we need
(n+7)=1
=Py, = E

15

* 2nd Runge-Kutta method:

kl Edtf(tn’yn)
k,=dt-f(t,+pdt,y, +ak)

Vo BV, T 1k + 75k,

(7|+7/2):1
a7v=ﬂ72=5

truncation error ~df3{i(§—aj[§t+fayj 7+ égj;[61+f8yjf}
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* 2nd Runge-Kutta method:
Ve BV, +700df (4,,,) + 7, -dtf (1, + Bat, y, + ak)
(1)y,=0, , =1, « =B =1/2 (midpoint method)

Vo =V, F dtf[tn w2y, +ﬂf;)
2 2
(2) 7,=7,=1/2, a= =1 (midpoint Euler method)

Vs =yn+%fn +%f(tn+dt, v, +dtf)

)y, =1/4,y,=3/4, a = =2/3 (Heun's method)

dt 3dt 2dt 2dt
=y, +—fo+—flt,+ y, +
RS I (R
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¢ 3rd Runge-Kutta method:

k=dt-f(t,,)
k,=dt-f(t,+ B dt,y, +ak)

ky=dt-f(t,+ Bydt,y, +a, k +a,k,)
Vo = Vot 0k 15k, + 73Ky

8 parameters!

6 constraints for O(d¢*) per time step!
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¢ 4th Runge-Kutta method (the most common one):

ky=dt-f(t,.5,)

dt k,
k,=dt-f|t +—,y +—+
2 f(n 2 yn 2)

2 2
ky=dt- f(t,+dt,y, +k)

b =dt'f(fn wa, +5j

Vou =V, + é(k1 +2k, + 2k, +k,)+O(dr’)
accumulated truncation error ~ O(T . dt“)
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§ Adams-Bashforth methods of order m (explicit, multi-step)

- —@ @ ® @ o—
=f(t,y,)——
/) f( / y_/) n-m+1 n-m+2 n-1 n ntl

Vun =V, t dlfbjfn,j +0(dr™")
J=0

=y, +dt-(byf, +bf, ++D

m=1J n—m+1

)+0(dr"")

e.g. Adams-Bashforth methods of order 3 (explicit, multi-step):

Vo =y, +dt- (bofn +bf 0+ bzfn—z)

20




» Adams-Bashforth methods of order 3 (explicit, multi-step):

Yua =¥, tdt- (bofn +bf, .+ bzf,;fz)

bf,

=y +dt-{+b, (fn —dt f +%dﬂfn" —édr‘fn”’ +O(dt“))

+b, ( 1, =2dt f +2di* [ —gdﬁ A O(dt“)j

b, +4b,)

=y, +(b,+b +b,)dt [, +(-b, —sz)dtzfn’+( dr'f'+ O(dt4)

N 1 2 ot 1 3 on 4
=y +dt f +—dt" f +—dt’ f'+O(dt
ybdt f, & de f] i [ O(dr')
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Therefore,
by+b +b,=1 b, =23/12
—b, —2b, =1/2 = {b=-16/12
b, +4b, =1/3 b, =5/12
Conclusion:

dt . X X
Vot ® DV, +E(23.f/z 16/, + 5,/,172)

= Adams-Bashforth three-step method

= accumulated truncation error ~ O(T-d#*)
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§ Adams-Moulton methods of order m+1 (implicit, multi-step)

——@ *—© o—

n-m+1 n-m+2 n-1 n n+1

m=1

yn+1 :y,, +dl‘zb‘/_ﬁﬁ_ +O(dtm+2)
j=1

=y, +dt- (b—lfn+l +bf, +b S, + o+, )+ O(dt””z)

n—m+1

e.g. Adams-Moulton methods of order m+1=3 (implicit, multi-step):

Y1 =V +dt~(b71f”+1 +bf,+ blfn—l)
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» Adams-Moulton methods of order m+1=3 (implicit, multi-step):

Vi =Vu t dt'(bflf;m +b,f, +b1fn—1)

4 1 2 oM 1 3 am 4
b{fn wdif i f v ode £+ O(dr ))
=y, +dt-+byf,

' 1 2 pM 1 3 pm 4)
+b, —dt f +—=dt ——dt +0|(dt
(fmas s e volar)
=y, +(b, +b,+b)dtf,+(b, —bl)dtzfn’+7(b";b‘)dt3ﬂ'+ o(dt“)

1 2 pr l 3 pon 4
=y +dt f +=dt" f/+—dt’ '+ O(dt
v,k d ] de fO(dr')
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Therefore,
b, +by+b =1 b, =5/12
b, —b =12 = {b,=8/12
b, +b =1/3 b =-1/12
Conclusion:

dt . . .,
yn+1 ~ y/t + 6(54}(/14 + 8.//1 - ./‘”,1 )
= Adams-Moulton two-step method

= accumulated truncation error ~ O(Td??)
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§ predict-corrector methods

PREDICTOR: use Adams-Bashforth m-step method to predict y_, :

Vot =V, +d’§b;fn,j +O(dtm+1)

Jj=0

CORRECTOR: use Adams-Moulton m-step method to predict y, ., :
m—1
yn+l = yn + dt[bl n*+l + zbj.f;rfj J + O(dt”Hz)
j=0

fra =f(fn+1,y:+1)

accumulated truncation error ~ O(T-df"*1)
advantage: explicit
disadvantage: need many more computations
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§ General multi-step methods:

Vant G Y, +a Y, +ta, Y, .

+ dt(b—lf;q+1 + bof;q + blf;H +oet bm—l ;Hn+1)

=y, +dif, + %dfzfn” + édffn'" +--+ (expected)

{bl =0 explicit schemes
[

b, #0 implicit schemes

® AB/AM methods: a, =1,a, =0 forj>1
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§ General multi-step methods:

Vot B Y, T A Y, F T a, Y

+dt(b.fo +bof, +bf, ++b

m=1J n—m+1 )

=y, +dt f, +%df2f,,” +édt3fn'" +--- (expected)

. . 2m explicit schemes
o degrees of freedom (# of adjustable variables): om+1 implicit sch
m+1 implicit schemes

. . 2m—1 explicit schemes
e maximum order of accuracy attainable: o
2m implicit schemes
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§ Systems of differential equations

du,
dt
du,

— = (Z’ulwuzf"r”N)

7:]{2(171”1:”2:"'7”1\/)

dt

du,
dt

= fu (t,u],u2,~--,uN)

u, fi(tau]auza"'au‘xr)
¢ 'uz . :ﬂ(t,L/,,u2,~-',uN)
dr| . |

u, Sy (G, uy)

LCs: u (0)=a,, u,(0)=a,, -, uy(0)=cy

o Let U =(uy,uy,ouy ) and F =(f,, f,, /) » Then

dU
C_FuU
o - FeU)

U(0)= (al,az,--~,aN)T
e.g. Adams-Moulton two-step method (3rd order)

dt
Vo1 +E(5fn+1 +87, _fn—l)

uy uy A A A

u u, 5 5

’ AP FON - :fz

: 12 : : :

Uy )y \UN ), TN Ity \Iv)
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29
n+l n+l n+l
A (tnﬂ’u] sUy Uy ) A
n+l n+l n+l f
e 2
5 fz(t»maul Uy Uy ) .
n+l  on+l n+l f\« n+l
f}\/ (ln+1’u1 SUy Uy )
n n n
u™ ul fi(tn’ul’uZ"“’uN) A
n+l n no.n n
U U +ﬂ 48 -fZ(tn’u] r“zw""uN) :fz
: 12 : :
n+l n no,on n fx
uN el uN .f’V (l‘n’ul ’uz’...’uN) n
-1 n—1 n—1
f(t Lu Tl e ) .
1T\ "n-12"1 >%2 > SUN f]
n-1 n—1 n-1
_ fz(tn—lsul Uy Uy ) A
n-1 n-1 n-1 3
Sy (tn—]sul sUy Uy ) S -l
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s

§ Higher order equations d"y :f(t,y dy LZJ’ dmly]

dr" drdl  dr!
dy dZy dm—ly
LCs Y(O):al’E(O):O‘ZD?(O):%’”" " (0): m
u ()= y (1) %zm(t)
d J dt -
u (t) =3 _ du
’ dt dt 2 =u, (1)
du, d’y dr ‘
t)="—2=
s (1) dt  dr :> P
: Thot=u, (1)
m—1
()= et =Y d,
dt dt" ;:f(tﬁulﬁul’”"uw)

LCs: u#,(0)=a,, u,(0)=a,, -, u,(0)=c

m
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Consistency: difference equation — differential equation

as dt — 0 ? (truncation errors — 0 as dt — 0)

Stability: computed solution to the difference equation
— exact solution to the difference equation?
(round-off errors under control)

Convergence: computed solution to the difference equation
— exact solution to the differential equation
asdt—07?

33

y'(1)=1(ty)=2(1)
§ test problem »(0)=1y,
A=A, +ik, eC

7 i

the exact solution is:
y(1)=yyexp(A,1)(cos(At)+isin(Ar))

where |y(#)|is bounded for all #> 0 as long as A, <0.

7
Z

2.t

Aypdt
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§ Schemes stability y'(¢)=f(t,y) =2y (¢)

(1) forward Euler method:
Von =V, +dt f, =y, +di 1y, =(1+ Adt)y, or

JU() = (14 Adt) £ ()
Suppose /¢(y,) = y,Te,, where e, is the round-off error. Then
Vonte, =(1+Adt)(y, +e,) Thus e, =(1+2rdi)e,
= e, =(1+Adr)" e, —> o0 if I +Adi|> 1.
Alternatively, the solution of the difference equation is
v, =(1+Adt)" y, > o if [1+ Adi|>1 even if 4, <0.

(numerical instability instead of physical instability)
35

Numerical Stability

Aidt
(1) forward Euler method

stability criterion: |1+ Adt|<1

~ a limitation on the magnitude of df
besides the consideration of accuracy
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§ backward Euler method
(2) backward Euler method:

- 1.1 .
Vo =Y, +dt [ =y, +dtAy,, Sty Ty e foree 0
Vo =(1=2dt)" y, =y, =(1-Adt)" y, —=lrar s b forfzf<d )
Pidt = stable if |1 - Adr|>1. .

m Ardt Adt of

0 Uz Inconsistent with the exact solution Vi

when A dr >0 and |l —Ad| > 1!

Ardt
Regions I, I1, and V: truncation errors under control.

. Regions I, and I11: rounding errors out of control. 8

. 1 .
because the Taylor's secies of —— has a convergence radius of 1.
-z

. . . . . -
v Region I: Both series converge to a value > 1 ¥ Region II: Exact s.erles cc.)nverge to a value > 1
Numerical series converge to a value < 1.

Rounding error converges.

Rounding error diverges.
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vi

v Region III: Exact series converges to

avalue > 1.

Numerical series does not converge.

Rounding error diverges.

(B)Adt=1.1

112!2‘j g I ‘ i
a-5-8- exact i ]
1073 &2« mumerical o ]
¥n i ]
i = ]
10" & 4
107 » i
& ]
v = ]

|DO = . :
[ 5 10 " “
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v Region I'V: Exact series converges to a value > 1.
Numerical series does not converge.
Rounding error converges.

(@)Adt=0.05+111

T T T T T

20
=58 exact

&—a—a numerical

10f

0.5

V1

v Region V: Both series converge to a value < 1.

Rounding error converges.

(5) Adt= —0.5
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0.0
o 2 4 & 8 10 12
42
v Region VI: Exact series converges to a value < 1.
Numerical series does not converge.
Rounding error converges.
(6) Adi= —1.1
O[T ; ; , , :
—t .- sea oM ]
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10°r e ]
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(3) Trapezoidal (Crank-Nilcoson) method:

1 1
Vo1 =Vu +5dt(-f;1 + o ) =Vu +Eldt(y” +yn+1)

(4) leapfrog method:

Vo =Yy +2d1 f, =y, +24dt y,
Suppose y, = p". Substitute into the difference equation to oftain

P =22dip-1=0 = p,=Adt+~NAd’ +1

y,=Cpl +Cypy = stableif |p,,|<1

However, since p, - p, =—1 = stableif ‘ p]_z‘ =] Radt

Write p, =exp(if). Then p, =—exp(—i6). i
Moreover, p, + p, =2Adt =2isin @ Q Rrdt

= stableif A di=0and |\difl <1 L

46

Adt Adt '
Ty Ty
Vi1 = E Y Yo = I—M Yo
2 2
stable if 1+% < 1—@‘@/1,@/;30
45
(5) Runge-Kutta methods:

2nd method: 1+ﬂdt+%(/ldt)2 <1

3rd method:  |1+Adr+ %(Adt)z + é(/ldtf <1
4nd method:  [I+Adr+ %(ﬂdt)z + é(ﬂdtf + i(ﬂdt)“ <1
2idt
2nd: -2
Jrd
3rd: -2.51275; 1.73205 h ?

Ath: -2.78529; 2.82843
hrdt
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* 2nd order Runge-Kutta methods:

ko=di-f =dt-\y,

ky=dt- f(1,+Bdt,y, +ok)=d-A(y, +ak)=\dt(y, +aldty,)

Vo =Y.tk vk =y, v hdy, 'Hfzkdt(yn + ()L?»dty”)

= (1 +(y, +7, ) dt + oy, (Adr)’ )yn

(71+7/2):1

:{1+kdt+l(kdt)2}yn 1
2 ayz:ﬁj/zzg

<1

stable if |1+ Adr +%(kdt)z
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* In general:

VIIAI = a()yn +alynfl t-ta

V)

)
m=1."n-m+1

+dl(b—1./l;1+1 +b,f,+bf ++D, f

n-1 m—1. /'r—m+1)
m m-1 m-2
(Z):Z —ayz —a,z ——=a

m—1

+--+b

m—1

Define P
q(z)=b 2" +bz

* The multi-step method is said to be stable if all roofs of p(z)
lie in the disk [z|<1 and if each root of modulus 1 is simple.

* The method is said to be consistent if p(1)=0and p'(1)=¢(1)

Theorem For the multi-step method to be convergent, it is

necessary and sufficient that it be stable and consistent.
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Conclusion:

implicit schemes: more stable — allow a larger time increment df
troublesome

explicit schemes: less stable — need a small df

easy to implement.
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§ system of equations:

test problem: au =AU
dt
where A is a constant complex matrix.

suppose {A, }::] are the complex eigenvalues of the matrix A

~ stable if all Adr € stable region
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§ Boundary-Value Problems for ODEs

~ shooting method and finite difference method
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§ shooting method — IV ODEs y'=g(xy.y), asx<h

du,
dx

=g(xu,u,)
w(a) = uy(a)=1

STEP1: guess y'(a) =1 and integrate the ODEs untilx =b:

h)—
STEP2: check if the relative error )’([3)5 <g?ifnot, re-guess y'(a).

53

) - ()

* How to re-guess? Notice y(b)=f. of t =y, (¢)

Define /(1) =y, (1) = 5.
Thus we are looking for a value of 7 such that ' (¢)=0

= root-searching mehods. e.g., Secant method:

STEP1: take two initial guesses y'(a)=t, and y'(a)=t,.

STEP2: if ‘yb (t’; - ﬁ‘ = ‘ul (b))~ ﬂ‘ > g, then

S -, (@) -B) (6 —1)

- (u] (b,2,) *B)(l‘; —t)

y/;(ti)_yh (’H) i ul(b’l:)_ul (b t

2%i-1

54

)

)
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* A special case: the ODE is linear

V'=g(x,5")=p(x)y" +q(x)y+r(x)
yv(a)=a  y(b)=p
y'=p(x)y'+q(x)y+r(x)

y(a)=a = y(x)
V'(a)=0

§ Finite-difference methods y'=g(x,y,)"), asx<b

a=Xg X1 Xp Xi1 Xi XiH X1 X =b

y'(x)= g(xi’y(xi)’y'(xi))
e.g. central difference: Yia =2+ Vi g(x yw)
W o 2h
truncation error ~ O(h?)
fori=1,2,..., N-1
BC's: y,=a,yy=p8
~ implicit equations for y,,i=1,2,3,---,N —1

~ root-searching for multi-variable system
56




linear equation: g(x,»,»")= p(x)y' +q(x)y+r(x)

Y 2y, + ¥

i~ Vie
e p(n) P g (), ()
2 2 L p
(F*_?hjyi?l_(ﬁ-’-qijyi-‘r(/’?_?}ljym:ri
0 0 0
2 R
h2+q'j W 2h 0 0
1.p (2 1_p
W on ( qz) o 0

1 py 2 1 py
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