4. Linear systemsof equations

;X + X, +AXg e +ayX, =h
Xy + 85X, + QX oo +ay, Xy =b,

A Xy Ay X, +AygXg Ho e +ay Xy =Dy

In matrix form:
a; &, a3 ay X b,
B By By &N % bz
Ay Ay 8z YA bN

Given: matrix A and vector b
Solve: Ax=b
e det(A)=0 (A isnon-singular, A™ exists)

= thereexistsaunique solution x= A'b

oo solutions

e det(A)=0 (A issingular, A" doesnot exist) = { i
no solution

Gauss elimination method

LU decomposition

Jacobi iteration method
Gauss-Seidel iteration method
Relaxation methods
Conjugate gradient methods
Preconditioner

Nou,rwhpE

Definition (vector norm): On avector spaceV , avector normisafunction |e
fromV to the set of non-negative real numbers that obeys the three postulates:
(i) [X|=0foranyxeV, and |x|=0if and only if x=0

(i) x| =[A||x| for real &

(i) |x+y|<|x|+]y| forx,yeV

Commonly used norms |+ for V=R":

N 12
(i) L,—norm: Htzz( )qzj

i=1

N 1p
) L, =norm: [, =( S

i=1

(iii) L, —norm: [x], = Max|x|

Definition (matrix norm): A matrix norm subordinating to avector normis
defined by | A = Sup{|Ax|: xe R",|x|=1].

Sup = least upper bound

N
« L, —norm: HNL:M%ZJ&“"
<

+ L—norm: |A], =Maxls;| whereo;'s arethe singular values of A

o’ areeigenvaluesof A'A
A’ = conjugate transpose of A

|Al, =Maxx;| if al eigenvalues i, of A arereal and positive.

I<i<N




Definition (Condition number)

Def «(A) = |4 -

| i called the condtion number of amatrix A

e k(A 21
¢ «(AB) <k(A)x(B)

o ()= Sl ]

o K,(A) =k /Ay, il eigenvalues arereal and positive

§Well/lll-posed problem

Given: Ax=b, A exists

Suppose that the vector b is perturbed to be b,
If Ax=b and Ax = b, by how much % is diffent from x ?

§Well/lll-posed problem

Consider [x-%|=|A"b—AB|=|A"(b-b)

SHA&. —1H.HAXH Hb bH

[bl
< | Ao Ao x
A g
Therelative error resulting in solving x due to adisturbed b is
=% papyp =Bl py [P~
i <A =< T

lll-conditioned if k( A) islarge (solution x is sensitive to aslight variation of b).

Well-conditioned if k(A) is of small to moderate magnitude.

§ Backward Substitution (Upper Triangular Matrix)

a, &, a; o e Gn G X bl
0 822 a23 ...... aZ,Nfl aZN x2 b2 ——
0 0 a, - CHIPEE (R b,
0 0 - Aanz Auana Bnan || XNz B2
0 0 - 0 Ain-t Aan Y By
0 0 -eoee 0 0 an X by
Xy = bN /aNN

Ay v X T Ay Xy =0y, X = (q B i a% J
/

- NPV PR - NIPSNIPO IR - NIPRNP I o NI




§ forward Substitution (Lower Triangular Matrix)

a, 0 0o e 0 0 X b
a21 azz o 0 0 X, bz -
a3 & 8 0 0 X3 b3
Ay 2r A Ay_on-2 0 0 Xn_2 by,
Ay Gy Ay N2 na O XN-1 by
ay, Qo Ay N2 Auna A N\ Xy by
X = bl/au
8, + 8% = b, PN
X = (b\ - au Xj j a;
ER
9

'§ Gaussian Elimination Method
Bl apX +apX tag o +ayXy =h
Byl ayX +ayX tagX 4o +ayXy =h,

B aX+a+agX+o +ayX, =h

Ev: X +agX + X+ +ag Xy =Dy

—(@y/8){ ByX A%, + BgXy e +ayX =h |
AKX+ A+ By Xy =h )

= OX1 +a1.(22)x2 +a‘§)x3 Foereenenns +a1’(y\?N — Q(Z)

al? =a, —(a,/a,)a,
b® =b —(a,/a,)b

10

Therefore, after the do loop, we have

B ax+agd +agxg + a0, =b?

Byt O+ + a4t 2l x, =bf?

E: OX +a7% +aP% e +a@x, =h?
Ey: 0% +aQ)x, +a)%, +-wweeees +a@x, =b®

with updated coefficients
ay =a, , k=12N
ay =a, —(a,/a,)ay . i,k=23:N
b =b,
b® =h —(a,/a,)b , i=23-N

1

STEP 2: provideda? #0,D0 —(a7% /af )E,+E for i=34,N

E: afx+adx +alx +m +ax, =h®?
E,: Ox+ aég)xz-f-ag)xs_;. ......... +a§:3XN:b§3)

E,: Ox+  Ox,+aQdx, +- e +al®x, =b®

E: Ox+ OX,+adx, +- +a¥x, =h®

Ey: O+ 0% +alx +-veeeee +a®x, =b?
bl(a):bl(a
& _p2
a¥=a?=a,  k=12-N D =%
aj) =af) . k=2--.N b® =b® — (a7 /al )bl , i=34,-,
a(ks>:a1<f)_(a(§> a;?)agﬁ) ,i,k=34,--,N )




STEP : repeat the process (provided 8! # 0) until i = N -1

E: aMx+alx+allx+ e +alWx, =™
E,: Ox+ allx+alx+ e +alMx, =hv
E: Ox+ Ox+alx+ e +alVx, =b{V

E: Ox+ O+ O+t @, =h"

Ey: Ox+ 0%+ OXg4 oo + 0x,, +alx, =b™

Ux=b"

= backward substitution
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§ Pivoting --- whenever a,=0 or is very small

(i) “pivoting” : interchange the ith row with the pth row where
pisthe smallest integer > i and a, = 0

eg. i=3a,=0
E: a¥9x +adx, +aldx +-e +adx, =h®
E,: Ox+ adx +adx +-mme +a®x, =b®

E;: Ox+ O+ Oxg4-eeeee +a@x, =b®
E: Ox+ Ox,+adx +-me +adx, =b®

Ey: Ox + OX +adx, +-reee +a@x, =b®
(i) “partia pivoting” : choose p in such away that

p>i and ‘api‘:i'\s/li%

& ‘
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(iii) “scaled pivoting”: choose p by comparing the relative
magnitudes of a; instead of the absolute magnitude, i.e. p>i and

i<j<N ’ ) i<j<N S]
Example
0x + Ox, +891.2%, + 211X, +349. 7%, +-----+-++ +1086.1x, = 415.8
0x, + Ox,+ 89%+ 1.4x,+ 10.2X +--------- + 3.7x, =0.9815

Absolute values; 891.2 > 8.9
Relative values 891.2/1086.1 ~ 0.82 < 8.9/10.2 =~ 0.87

¢ “scaling” is used for comparison but not really computed.
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(i) *maximal pivoting”: pivoting not only in rows but also in
columns at ith step: search for p, g such that p, g>i and

‘am‘ = ,L\J/I,i),(\,

ajk\

= interchange thei™ row with the p™ row

interchange the i™ column with the p™ column

16




Example: i =3

E;: Ox + OX, +3.3% +4.8X, + 7.17% +-------- +6.8x, =5.38

E,; Ox + Ox,+8.9x, +14x, R +3.7%, = 0,981 5 mm——
E: Ox + OX, +4.1% +4.3X, —3.2%; +--oooeee +0.7x, =6.891

Choosep=4andq=5

E, = E,;: Ox + 0%, +10.2% +1.4X, +8.9%, +--vee
E, = E;: Ox, + OX,+7.17%; +4.8X, +3.3%, +--wro0ee
E, = B Ox, + O%,— 3.2% +4.3X, + 4.1 +-oooee

* Notice x, interchanges with x; as well

+3.7x, =0.9815
+6.8x, =5.38
+0.7x, =6.891
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§Matrix factorization (LU decomposition)
Given: Ax=b, most often Ax(t)=b(t) but A= A(t)

PROPERTY: A has adiagonal structure
(most nonzero elements are on the main diagonal .)

FIND: A = LU, where L(U) isalower (upper) triangular matrix

l, O 0o 0 0 Uy Up Uy oo U U

l 2 l 2 0 e 0 0 0 Up Uy oo Una Uy
L= [31 532 Zm o 0 0 U= 0 0 Uy wooeee : Usng Ugy

éNfl.l [N71‘2 €N71‘3 """ lyana O 0 0 0 - Uy-an-1 Unoan

Cyy Ll lyg o Cyna Can 0 0 Uy

If so, we can solve Ax=b by backward/forward substitution
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- AX:LUX:L(UX)ELy:b_

(i) forward substitution
Ly=b

Y1:b1/€11
yk _[q_ggk,1y1}/€l«

(if) backward substitution
Ux=y
X, = yn/uN,N

N
X :[yk_ Z uk.jxj]/ukk
j=k+1
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§/General L U-decomposition

[11 0 0o 0 0 U Uy e Una Uy
21 ¢ 22 0 0 0 0 Uy Uy ooee Upna  Ugy
31 32 ¢ 33 U 0 0 0 0 Uy ooee Upnoa Uy
¢ N-11 ¢ N-1,2 ¢ N-13 T EN—l,N—l 0 0 O 0 e Uy ana Unan
ZN,:L ZN‘Z ZN‘B """ ZN‘N—l ENN 0 0 0 - 0 Uy

# of constraints = N2
degrees of freedom = N2+N

Example: assume ¢, assignedfori=12,---,N
By observation, (U, =a,
L0y =a, for k=12,--,N

20




§/General L U-decomposition

(, O 0 e 0 0 YUy Up Ug - Uy Uy

/21 ly 0 0 010 Uy Uy oo Uy g Usy

{31 / » /33 '''''' 0 0 0 Uy oo us,N—l Usy,

[me [N—l,Z éNfl‘S """ lyana O 0 O 0 e Uyana Unoan

ZN,:L ZN‘Z ZN‘B """ ZN‘N—l €NN 0 0 0 - 0 Uy
Loy =8y

Oy + €Uy =2y, for k=23--,N

£31u11 =8y
Ly, + €U, =8y
Loy + 0 oUy, + 00U, =8, for k=3,4,---,N
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Lyl =38,
Ly, + 45U, =8,
LigUys + € pUps + £i5Ugs = B4

Loy + 0oy g+ 0 U o+ 0 Uy =8,

Gy + &l oo+ €Uy + Ly =3y for k=ii+1.- N

k
> il =28y, k=1,2,i-1
m=1

S oty =a,  k=ii+l N

m=1
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* special cases:

¢, =1 : Doolittle's factorization
u, =1 : Crout'sfactorization

i bl ly if Ai
U =L" : Cholesky'sfactorization [poss eomylTAls

» A matrix A is positive-definite if X"Ax > 0 for any x0.

Theorem:

If Gaussian elimination can be performed on the linear system
Ax=b without row interchanges, then the matrix A can be
factored into A=LU.

23

real,symmetric, and positive-defi ntej

§ Gaussian elimination procedures

STEP 1: provideda, =0,DO —(a,/a,)E, +E for i=23,--,N

m, = au/au
1 0 0 0
-m, 1 0 0 0

MO < -m, 0 1 0 O 0 o
-my, 0 0 0 0 0
-my, O 0 0 1
It can be shown that
M®Ax=M @b
A@x —p@




Scarssan ammearon proceares

m,—a?/a

STEP 2: provided 7 # 0,00 —(37/aZ JE, +E for i=34,N

S anmmneanon proceanes
STEPN -1: provided a{'; , #0, DO —(af'% /a&“j&,l) £, +E,

a™ ) g ... a®, a®
0 aé;‘) aég‘) """ ag\‘N)—l aéNN)
AN _ 0 0 a..... aall\,l\‘l1 aéw U
0 0 0 - amN,l a(NN,)l,N
0 0O - 0 aLN’z‘
AN = M N AND g (NI (N2 AN-2) L (N (N2 G @D A

-1

A:(M (N-Dp(N-2 M O\ (1)) U

A (M) (M) () () o
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1 0 0 0
0 1 0 0 0
60 -m, 1 0 0
1@
M®=0 -m, 0 1 0 O ol =L
0 -m,, 0 0 O
6 -m, O 0O 0 O
It can be shown that
M@ A@x =M Pp@
APx=p®
25
1 0 o0 0 1 0 0 0
-m, 1 0 O 0o 1 0 0
0 -m, 1 0 0
= 0 1 0O 0 - 0 2
MO = my, : M@0 -m, o0 o o 0
-my,, 0 0 O o m. o L
-my,; O 0 0 0 - 0 1 o _m. o o
1 0 o0 10
m, 1 0 0 0 0 1 0
0 m, 1 0 . 0
B 0 1 0 0 - 0 3
(Mm)1: my (Mm)il: o m o o o . o
My, O 0 . o m. . ) .
Ma 00 00 = 0 4 0 m, 0 00 1
27

1 0 0 ...... 0 0
m, 1 0 e 0 0
m, m, R 0 0 L
My My, Mygs o 1
My, My, Mys oo My Nt 1

L= (M ) )*1(M (2) )flm(M (N-2) )fl(M (N-1) )71
A=(M (N-Dp (N2 @@ )71U

A=LU

28




§ Iterative technique ~ good for large, sparse matrices
Given: Ax=b
STEP1: take a guess for the solution, say x*

STEP2: compute the error (residue) r* = b— Ax®
STEP3: r'® too large? = create anew guess xX**)
i.e generate a sequence {x“‘)} in some way

so that the sequence converges to the real solution x

« criterion for stopping the iteration: (i) Hr"‘" <g
[ - x|
(i) 7“)((1()“ <g
<g
[b

29

o best situation: Hr(k)H 50 a koo
ier® 50 as k—oowfori=i, 2,--,N.

o iterative schemes: (usualy) Given some matrix T and vector c,

XM =Tx 4 ¢
Theorem

For any X e R", the sequence {x(k)};o defined by x*? =Tx® 4 ¢
for each k >1 and ¢ # 0 converges to the unique solution of x=Tx+c
if and only if p(T) <1 Moreover, |x¥ —x| ~ p(T)"[x® - ¥

* The spectral radius p(T) of amatrix T is defined as the maximum
absolute value of eigenvalues of the matrix T, i.e. Max |A|.

* A scheme constructs the matrix T and the vector ¢ in such away
that the solution of x=Tx+c is aso the solution of Ax=h.

30

XY= +c  p(T)<1= Hx(") - xH ~p(T)" HX‘O) - XH

< >
Show XU =Tk 4 ¢

=T(TX*? +c)+c=Tx*? +Te+c

=T?(TX*¥ +¢)+Te+c=TX"? + T+ Te+c

- k-1
=TX7+>Y T
m=0
PSR 500 ki)
e ST (1-T) e if p(T)<1
m=0

Therefore x* — (1-T)c ask — oo

ie. (1-T)x=c or x=Tx+cC

31

§ Error Analysis

Let X' bethe exact solution and e® = x® — x'.

eV =X —x =(TX¥ ¢ )= (TX +c) =Te
=) =Tk
&

€]

%
Therefore, [ ] [T > p(T)

o (1Y <[
Toreduce error by oneorder,i.e | —5| < H—H ~p(T)
l€l) ~ho
o
log,, (p (T ))
» The smadller p, the faster the convergenceis or the better the scheme

is. But it cannot be pre-known for agiven problem Ax=b and a
given scheme.

Thustheiteration number isrequired by k>—

32




§ Jacobi iteration method
from B @y +8,% + 85X+ +ayXy =h
provided a; = 0 (if a;=0, do reordering like piVOtiNg ) m———

i-1 N
aX +2.a% + > &)X =h
j=1

j=i+l

1 i-1 N )
% :;[h _Zaijxi - Z ainJ] , 1=1,2,--+,N
i =1

j=i+l

Write A=D+L+U
where D, L,U are the diagond, lower triangular, and upper triangular parts of A

x=D7(b-Lx-Ux)=D"b-D*(L+U)x

33

§ Jacobi iteration method
DOi=1.2,..., N (forward loop)

iy _ 1 S 0N @ |
X% L blfzauxl 72811)(1 J
aﬁ j=1 j=i+1
x4P =Dp-D*(L+U)x¥ =Tx¥ +c
TJacobi = _Dil(L +U )
CJaoob\ = Dilb

Given different matricesA=D +L+U = different T = different p

§ Gauss-Seidel iteration method

Jacobi method: DO =1,.2,..., N (forward loop)
" l i-1 N

0= 2o -San- 3 ax)

j=i+l

(k+1)

Consequently, X, x{9 ... x*™ are computed before x

Gauss-Seidel :
when computing x*, replace x* by x{* for j=1,2,---,i-1.
ey _ 1 b kD ()
X RO IS
ai\ j=1 j=i+1

X(k+1) — Dfl(b_ LX(k+1) _Ux(k))

35

(K+1) _ ]y [ y(k+D) (k)
Dx** =b—-Lx Ux

(D+L)x*» =p—Ux®

XY =(D+L)"b—(D+L)"Ux®

=—(D+L)"U
=(D+L)"b

TGauss— Seidel

CGauss— Seidel

Theorem: If A isstrictly diagonally dominant, then for any choice of x?,

both the Jacobi and Gausss-Seidel methods give sequences {x™ }10

that converges to the unique solution of Ax=bh.

36




§ Alternative form of Gauss-Seidel iteration method

Define X = {the resulting vector after the (i —1)" step and}

beforethei™ step during the k™ iteration

) . ~ T
Define x®" E(Xl(k),Xék),"',K(fl)-K(k 1)’ _(511)',“’)(:\‘1( 1))

. 1 i1 N »
going to do : x =a1—[h —Zlau- X — Z ax DJ
i 1=

j=i+1

itsresidual vector : r®" =p— Ax®"

N i-1 N
i Sk _p ) _p G (kD)
m" component : ) =b, Z;%xj =h, Z;:;lm.xi Zam.xj
1= j= j=i
i N

“b,-Ba -3 A -ax

j=1 j=i+l

(k-1)

37

i-1 N
m" component : 1,V =b ->"a x® - > a x¥ g x?
j=1

j=i+l

Inparticular, we are interested in the it component,

i-1 N
ri(k'i): - L x0) — L xk DL . (kD)
{h Za 2% } aX

j=i+l

(ki)

1 i-1 N . ~ r
X = {h =23 = > 1)}: XD 1 —
& = j=ir &

r(k’l)
K) _ y(k-1) i
_)ﬁ + al
i

~ Gauss-Seiddl iteration method ~

therefore X
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Before updating thei™ component of x :

i-1 N
m" component : r&" =b —> a x> a xV—a x*?
1

j=i+l

After updating thei" component of x :
i-1 N

m" component : 1 =y - a x! -3 a x*V-a x9
j=1 j=i+l

In particular, we are interested in the it component,

X i-1 N
rl(k'Hl) :{q _Zla” ng) _ z a” Xikfl)}_a”x‘(k)
j=

j=i+l
=g, x" -3,x" =0
o Gauss-Seidel method enforcesr®*? = 0 to obtain x** and in such away,

expects to have a convergence.
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§ Relaxation method

Whether an iteration method converges or not is problem-dependent.

(ki
example: Gauss-Seidel method x® = x* L
&

« diverge = each time correct too much?
« converge but slowly = correct too little?
Can we adjust the amount of correction at each time?

With a certain positive value of ®, one can perform
r(k‘i)
+o-
* 0<® < 1: under-relaxation (<= diverge)
* m > 1: over-relaxation (<= converge slowly)
* » =1: Gauss-Seidel method

(k-1)

X1 =x




K,
(K) _ 4 (k-2) "
X = x4 -

(k1)+ {h zauxik) zauxgtu I(kl)}

!
o fn-Sax- S ax)
i
X =(1-0)x*? + 0D {b— Lx® —Ux*?}
DX = (1-0) Dx*? + o {b— Lx® ~Ux*D}
(D+oL)x® ={(1-0)D-oU}x*? +wb

T

relaxation

=(D+oL)*{(1-0)D-o0U}

c (u(D-%—u)L)’lb

relaxation
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§ Minimization Problem

Given: Ax=b, where Ais symmetric and positive-definite
(thus all eigenvalues of A arereal and positive)

define §:R" >R, ¢(X)E%XTAx—be for al xeR"

= The solution of Ax=b minimizes the function ¢(x).

1+
<show> q)(x)sE X Ax-x"b=> sza" 1 ijxJ

‘—1 j=1
1 N N N J
look for the minimum: —- b —L
6><k 22;[6&%‘ m’a J ,Z; L o,

i=1 j=1

13y N 1( N
EZZ(SikaﬂXj +>§ai|61k)_;bjsjk 30:E[Zaijj +Z>§aik]’h<
E = i1

=Vj=Ax-b=0
42

§ Gradient iteration method (1D minimization)

Suppose x, isthe current iterate and p, € RV isagiven direction vector.

Next iterate: X,,, = X% +a p, with avalue of o which minimizes ¢(x).

; i ® ®)
ie Min o(x® +a p®)
1
0(%1) =5 (% + @ )" A%+ p)=(x +ap)' b
1 1
(3 - ranl (A -B)+ Jo*plan
Wanted %:O =0=—p{r + ap; Ap,

oL

_ Peli
Pe AP,

§ Gradient iteration method (1D minimization)

X1 = X T 0Py

.
_ B

Pe AP,

0
aTLkd’(Xk +ap)=0

PVO(Xea) =
LHS= p:(A)(k+1_b) = p:A(Xk +Otpk)_ p:b

= P (A% —b)+apAp, =p;(-f)+ P =0




§ Gradient iteration method (1D minimization)

Step 1: take an initial guessx, and take p, = -V¢(x,) = —(Ax, —b) =T,

Step 2: if |1 [>e, Xy =%, + o P,
P =-Vo(x) =1, =b—Ax,

T T
_ B _ ek

o, = =
‘ PAR, T An

* since ¢(X) decreases mostly along the negative gradient direction.

.
= x 4| Dl |

Xk—l Xk I'kTArK k

r,=b—Ax

§ Properties of Gradient iteration method

Theorem: For any initial iterate x,, the sequence {x, },_ of the gradient

method converges to the solution X' = A™b and satisfies the

error estimates )
. A)-1 .
=], <[ -

K,—-1 1
K, +1 KZ(A):;“mau/)“mm>1

1 where the A-normis defined as x|, = vx" Ax.

* The smaller «,, the faster the

: : : method converges.

§ Preconditioned Gradient method
Suppose M e R" x R is symmetric and positive-define.
Consider Ax=b

M 71/2AX: M 71/2b
(M —l/ZAM —1/2)(M1/2X) =(M —1/2b)
Ax=b
« Aissymmetric and positive-definite

Now, instead of solving Ax = b, we solve Ax=b

« The convergence rate is now determined by «, (A)

47

46
K, (A) =1, (M Y2AM ) =i, (M V2M Y2A) =, (M A)
« An appropriate preconditioner M such that «, (M ™A) <k, (A)
can accelerate the convergence. -
AX: 6 or (M ’1/2A|\/| 71/2)(M 1/2X) _ (M 71/2b)
R E AR
" rTAr )
f, =b— A%,
. rk — 6_ Axk =(M 71/2b)_(M 71/2AM 71/2)(M1/2Xk)
M Y%b-M ’MAXK -M ’1/2(b— AXk)
rk — M 71/2rk
48




Ax=b or (M REINY] ’1/2)(M1/2X) :(l\/l 71/2b)

R =+
o rTAr )k

« f=M 71/2|,k
o 0 ~ (M 71/zrk )T (M 71/zrk)
= rkT Ark - (M ,1/zrk )T (M 12 AN 71/2)(M 71/2rk)

L ) (M)

_rkT(M 1/2) (M RTEINY M)(M’“zrk)

oM (M)
ry (M7AM ™)r, (M, )T AM,)
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f,=b—Ax, —

Ax=b or (M REINY ’1/2)(M1/2X) :(l\/l 71/2b)

PR R
+1 rkT Ark k

fo=b- A%, —

* X =MTR G =M (R + 0
=M 71/2(M1/2Xk +dk(|\/| 71/2rk ))
=X+, (M)
e ha= Ml/zrku MY (b Axku) 1/2( (Xk +a,f ))
=M 1/2(rk _dkArk) —MY2 (M 71/2rk —a, (M V2 AN 71/2) M 71/2rk)

=n -, A(M )

50

Ax=b or (M ’UzAM ’1/2)(M1/2X) _ (M 71/2b)

Step 1: takeaninitial guess x, and take p, =V (x,) =—(Ax, —b)=r,

e (M)
(M) A(M )

=%+, (M)

Step 2: if | |>e, a=

fea =T — @ A(M )
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§ Conjugate direction method
In the gradient iteration method:

Xe =X T 1Py =X o F 0 o Pyt Oy Py = - - - em—

=X0+Z)°“jp1 [654) =0 enforced for onej eachtime}
=

a
N-1
=%+ 2 0,p,
j=0
« The gradient method searches the minimum of ¢(x) in adirection p, =r,
~ These searching directions { p,} may not be the fastest path leading to

the minimum.
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§ Conjugate direction method

X
Po: G = % =%+ 0Py

Pho, = X=X+o,p

Suppose we have moved along some direction p, to a minimum
and now propose to move along some new direction p; .

We don’t want that the new correction spoils our minimization
along the p, direction.

pVe(x) =0 P V(%) =0
=
PIVo(x,) =0 PVo(x,) =0
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§ Conjugate direction method

BVo(x) =0 [pVe(x)
=

0

BIV(%) =0 |pIVH(x) =0
L V(%) = py (Ax,—b) =P5 (A(%+o,p)—b)
= p-or(Axifb)Jr pgAalpl

= P V(%) + Pg Ao,y

§ Conjugate direction method

« Improvement: select searching directions in a particular way such that

{ P }:‘j are linearly independent, e.g. make them A— orthogonal
piAp,=0 for j=012 k-1
pfAp;=0 for i=j and O<i,j<k-1

N
Thus foranyxe R, 3o, 3%x=D 0o, p,
k=0

ie {p,, isabasisof R" and {a,}, , arethe coordinates of x with
respect to the basis.
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—a(PAR) PIV(%) =0
Po AP, =0
54
= § Conjugate Gradient method —

(one way to generate a set of A—orthongal vectors { p, })
starting: p, =1, =b— Ax,

k1 rT Ap.
iterate; p, =T, —Z( e 7P, j p,

= P Ap,
result: If p'Ap, =0fori=j,i,j<k-1 thenp’Ap =0forali<k-1.

<show> fori <k-1:

k-1 rTAp
prAD = p.TArk—ZL . J}p.TAp,-

=\ P AD; )
=0 except j =i
rT
P Ap, = p?Arkf[‘;TAnJ(nTAn)

=p A —( p,TATrk)T =0 (" Aissymmetric)
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= § Conjugate Gradient method —

Step 1: take aninitial guess x, and take p, =r, =b— Ax,
DO

.
StepZ:QK:% and x.,=x +o,p, for k=0

k Kk

S

Step3: 1, =b-Ax and p =1, -> |5 p, for k>1
j=0 pJ Apj

END DO

Theorem: The conjugate direction algorithm runs at most N iterationswith xy = X'.

Kk
Theorem: [, < 2o x|,
_\]KZ(A)_l _
c= KZ(A)+1 ’ KZ(A)fx‘maw/}“mm
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= § Conjugate Gradient method —
Step 1: take aninitial guess x, and take p, =r, =b— Ax,
DO

T

',
Step 2: o, =—* and = for k>0
€p 2. oy p: Ap, Xer = X T 04 By

Step3: r,=b-Ax, and p =1, — p., for k=1

et
(ranes)

END DO

Theorem: |- X[, <77l -1,

c= KZ(A)71

—m+l v Ko (A) = A i




